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15-component matrix and tetrad-based description of a a scalar particle
with two electromagnetic characteristics – charge e and polarizability σ, is
elaborated in presence of external Coulomb field. With the use of Wigner’s
D-functions technics, in the basis of diagonal spherical tetrad, the separation
of variables in the generalized wave equation is done, and a system of 15
radial equations is given. It is shown that all the radial system is reduced to
a generalized Klein-Fock radial equation with an additional term of the form
σ(e4/M2r4). In the framework of the analogous approach a scalar particle
with charge e and polarizability σ is investigated in presence of the field of a
magnetic charge g. The separation of variables is done. Again all the radial
system is reduced to a single differential equation of second order with an
additional term of the form σ (e2g2/M2 r4) . This means that because of
the known peculiar properties of the potential r−4 (an absorbing center), the
monopole influence on the scalar particle with σ-characteristics is much more
noticeable in the radial equation than in the case of usual scalar particle with
a charge only.
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1 Introduction
This work continues study of the 15-component theory of a charged scalar particle with
additional electromagnetic characteristic – polarizability [1-10] now turning to behavior
of such a particle in Coulomb and Dirac magnetic monopole fields.
Initial system of generalized equations for a free scalar particle of the mass m =
−iMc/h¯ has the form
λ1 ∂
a Φ1a + λ2 ∂
a Φ2a −m Φ = 0 ,
λ∗1 ∂a Φ + λ3 ∂
b Φba −m Φ1a = 0 ,
−λ∗2 ∂a Φ + λ4 ∂b Φba −m Φ2a = 0 ,
± λ∗3 (∂aΦ1b − ∂bΦ1a)∓ λ∗4 (∂aΦ2b − ∂bΦ2a)−m Φab = 0 . (1)
Here Φ stands for a scalar, Φ1a and Φ2a represent two 4-vectors, and Φab is anti-symmetrical
tensor. Latin indices take on the values 0, 1, 2, 3. In the flat Minkowski space the metric
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tensor (gab) = diag(+1,−1,−1,−1) is used. Field functions Φ, Φ1a, Φ2a, Φab are assumed
to be complex-valued; therefore they describe a charged scalar particle.
One should take attention to the following fact: because of complex-valued parameters
λ1, ...λ4 separating in eqs. (1) the corresponding theory for scalar particle without electric
charge will require special treatment – this task will be solved bellow. From previous works
[1,2] it is known that four parameters λi can be chosen differently – it is essential only
that they obey two conditions
λ1 λ
∗
1 − λ2 λ∗2 = 1 , λ3 λ∗3 − λ4 λ∗4 = 0 . (2)
The above equations (1) can be rewritten in a matrix form (15-component vector-column
Ψ = (Φ, Φ1a, Φ2a, Φab))
( Γa∂a −m ) Ψ = 0 ,
Γa =
∣∣∣∣∣∣∣∣
0 λ1G
a λ2G
a 0
λ∗1∆
a 0 0 λ3K
a
−λ∗2∆a 0 0 λ4Ka
0 ±λ∗3Λa ∓λ∗4Λa 0
∣∣∣∣∣∣∣∣
, (3)
where four basic matrices Γa are expressed in terms of blocks: Ga, Ka, ∆a, Λa of
dimension 1× 4; 4× 1; 4× 6; 6× 4 respectively:
(Ga) k(0) = g
ak , (∆a)(0)n = δ
a
n ,
(Ka)
kl
n = g
ak δln − gal δkn ,
(Λa)knb = δ
ak
nb = δ
a
n δ
k
b − δkn δab . (4)
One can perform, special linear transformation over the wave function Ψ′ = SΨ,
such that a new equation for Ψ′ does not contain any complex-valued quantities. The
transformation with required properties can be factorized as follows: Ψ′ = SΨ = S2S1Ψ,
where
Ψ′ =
∣∣∣∣∣∣∣∣
Φ
Φa
Ca
Cab
∣∣∣∣∣∣∣∣
, S1 =
∣∣∣∣∣∣∣∣
1 0 0 0
0 λ1 λ2 0
0 λ∗3 −λ∗4 0
0 0 0 I
∣∣∣∣∣∣∣∣
,
S2 =
∣∣∣∣∣∣∣∣
d∗ 0 0 0
0 d∗ 0 0
0 0 I 0
0 0 0 I
∣∣∣∣∣∣∣∣
, d = λ1λ3 + λ2λ4 , (5)
here separate components of Ψ′ are designated by Φ,Φa, Ca, Cab. In terms of these con-
stituents eqs. (1) take the form
∂a Φa −m Φ = 0 ,
∂a Φ+ σ ∂
b Cba −m Φa = 0 ,
∂a Φ−m Ca = 0 ,
± (∂b Ca − ∂a Cb)−m Cba = 0 . (6)
2
On should take notice that now all dependence on λi-parameters in the wave equations
(6) is realized through only real-valued characteristic σ = dd∗. Again eqs. (6) can be
expressed as one matrix relationship
( Γ′a ∂a −m ) Ψ′ = 0 ,
Γ′a =
∣∣∣∣∣∣∣∣
0 Ga 0 0
∆a 0 0 σKa
∆a 0 0 0
0 0 ±Λa 0
∣∣∣∣∣∣∣∣
. (7)
The favored feature of this basis is that now C-operation is reduced to only complex
conjugation Ψ
′(c) = C ′(Ψ′)∗ = Ψ
′∗.
Now we should dwell upon some peculiarities of that generalized theory of a scalar
particle in presence of electromagnetic fields. The presence of such external fields Aa(x)
can be taken into account through extension of the derivative: ∂a =⇒ Da = ∂a−i ech¯ Aa, ,
where e stands for a particle charge. Then eqs. (6) will take on the form
Da Φa = m Φ ,
Da Φ+ σ DbCba = m Φa ,
Da Φ = m Ca ,
± (Db Ca −Da Cb) = m Cba . (8)
Between components of the wave function one can pick up the main ones Φ, Φa and two
auxiliary Ca, Cab. Excluding both auxiliary ones from equation:
Ca =
1
m
∂aΦ , Cab = ∓ ieσ
m2h¯c
Fba Φ (9)
(Fab = ∂aAb − ∂bAa stands for electromagnetic filed tensor) one arrives at the following
equations for Φ and Φa:
Da Φa = m Φ ,
Da Φ ∓ ieσ
m2h¯c
Db (FbaΦ) = m Φa . (10)
Thus, in the frames of extended theory of a scalar particle, they describe a particle
that besides of the electrical charge carries an additional electromagnetic characteristic.
In a free particle case this additional characteristic σ does not manifest itself in the main
equations (10) and auxiliary constituents satisfy conditions
Ca(x) = Φa(x) , Cab(x) = 0 . (11)
Now we briefly outline extension of the above theory to general relativity. In accor-
dance with the known procedure by Tetrode-Weyl-Fock-Ivanenko [11-14] matrix equation
(7) is to be replaced by
[ Γα(x) (∂α + Bα(x)) −m ] Ψ(x) = 0 , (12)
Γα = Γaeα(a) , Bα =
1
2
Jabeβ(a)∇α(e(b)β) . (13)
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Where eα(a)(x) is a tetrad a curved space-time with metric tensor gαβ(x); J
ab — stands for
generators of the given representation (Φ,Φk, Ck, Ckl) of the Lorentz group:
Jab =
∣∣∣∣∣∣∣∣
0 0 0 0
0 V ab 0 0
0 0 V ab 0
0 0 0 (V ⊗ V )ab
∣∣∣∣∣∣∣∣
.
Because equation (12) contains a tetrad explicitly, there must exist definite connection
between two different tetrads-based representations, otherwise eq. (12) is incorrect. Such
a symmetry of generally covariant equation can be readily proved (all details are omitted
here): equations based on two different tetrads related to each other by e′ = L(x)e can
be transformed to each other by means of a local (15× 15)-gauge matrix
Ψ′(x) = S(x) Ψ(x) ,
∣∣∣∣∣∣∣∣
Φ′
Φ′k
C ′k
C ′kl
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
1 0 0 0
0 L lk 0 0
0 0 L lk 0
0 0 0 L mk L
n
l
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
Φ
Φl
Cl
Cmn
∣∣∣∣∣∣∣∣
. (14)
It can be shown that equation (12) can be reverted to a tensor form:
∇αΦα −mΦ = 0,
∇αΦ + σ ∇βCβα −mΦα = 0,
∇αΦ−mCa = 0,
± (∇βCα −∇αCβ)−mCβα = 0. (15)
Here ∇α stands for a generally covariant derivative. Connection between constitutions of
Ψ in (12) and those in (15) looks as follows
Φα = e
(l)
α Φl , Cα = e
(l)
α Cl , Cαβ = e
(m)
α e
(n)
α Cmn .
It should be added that equations (9) and (10) will be in effect in Riemannian space
as well, with only formal change of the usual derivatives into covariant ones. Any specific
gravitational interaction terms do not arise here, but in case of any space with non-zero
torsion such a term would be.
2 Basic equation and notation
Let us consider equation (12) in spherical coordinates of flat Minkowski space (xα =
(ct, r, θ, φ))
dS2 = c2dt2 − dr2 − r2(dθ2 + sin2 θdφ2) ,
gαβ =
∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 −r2 0
0 0 0 −r2 sin2 θ
∣∣∣∣∣∣∣∣
(16)
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and in the diagonal spherical tetrad
eα(0) = (1, 0, 0, 0) , e
α
(3) = (0, 1, 0, 0) ,
eα(1) = (0, 0,
1
r
, 0) , eα(2) = (1, 0, 0,
1
r sin θ
) . (17)
With the use of explicit form of the tetrad and the Ricci coefficients we get to the
following generalized matrices Γα(x) and connection Bα(x):
Γα(x) = (Γ0, Γ3,
1
r
Γ1,
1
r sin θ
Γ2) , B0 = 0 ,
Br = 0, Bθ = J
31 , Bφ = sin θJ
32 + cos θJ12 .
Equation (6) will take the form
[
Γ0∂0 + Γ
3∂r +
Γ1J31 + Γ2J32
r
+
Σθ,φ
r
−m
]
Ψ = 0 (18)
where Σθ,φ stands for an angular operator
Σθ,φ = Γ
1 ∂θ + Γ
2 ∂φ + cos θJ
12
sin θ
. (19)
In the following we will need explicit form of all matrices involved. With the use of
the notation
~e1 = (1, 0, 0) , ~e2 = (0, 1, 0) , ~e3 = (0, 0, 1) ,
~e t1 =
∣∣∣∣∣∣
1
0
0
∣∣∣∣∣∣ , ~e
t
2 =
∣∣∣∣∣∣
0
1
0
∣∣∣∣∣∣ , ~e
t
3 =
∣∣∣∣∣∣
0
0
1
∣∣∣∣∣∣ ,
τ1 =
∣∣∣∣∣∣
0 0 0
0 0 −1
0 1 0
∣∣∣∣∣∣ , τ2 =
∣∣∣∣∣∣
0 0 1
0 0 0
−1 0 0
∣∣∣∣∣∣ , τ3 =
∣∣∣∣∣∣
0 −1 0
1 0 0
0 0 0
∣∣∣∣∣∣ (20)
the matrices Γa are
Γ0 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 ~0 0 ~0 ~0 ~0
1 0 ~0 0 ~0 ~0 ~0
~0 t ~0 t 0 ~0 t 0 −σI 0
1 0 ~0 0 ~0 ~0 ~0
~0 t ~0 t 0 ~0 t 0 0 0
~0 t ~0 t 0 ~0 t ± I 0 0
~0 t ~0 t 0 ~0 t 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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Γi
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 −~ei 0 ~0 ~0 ~0
0 0 ~0 0 ~0 −σ~ei ~0
~e ti ~0
t 0 ~0 t 0 0 −σ τi
0 0 ~0 0 ~0 ~0 ~0
~e ti ~0
t 0 ~0 t 0 0 0
~0 t ~0 t 0 ∓~e ti 0 0 0
~0 t ~0 t 0 ~0 t ±τi 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
We will need explicit form of generators
Jab =
∣∣∣∣∣∣∣∣
0 0 0 0
0 V ab 0 0
0 0 V ab 0
0 0 0 (V ⊗ V )ab
∣∣∣∣∣∣∣∣
,
where
(V ab) lk = −galδbk + gblδak ,
(V 23) lk =
∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0
∣∣∣∣∣∣∣∣
=
∣∣∣∣ 0 00 τ1
∣∣∣∣ ,
and so on. Also
[(V ⊗ V )ab] spmn = (−gas δbm + gbs δam) δpn + δsm (−gap δbn + gbp δan) ,
where index combinations 01, 02, 03, 23, 31, 12 are used; further
[(V ⊗ V )23] spmn =
∣∣∣∣ τ1 00 τ1
∣∣∣∣ , and so on .
The total momentum operator (the sum of orbital and spin ones) has in Cartesian
coordinates the ordinary form
Jk = lk + Sk ,
S1 = iJ
23 , S2 = iJ
31, S3 = iJ
12 ,
Sk = i [ 0⊕ (0⊕ τk)⊕ (0⊕ τk)⊕ (τk ⊕ τk ] . (21)
Now we are to determine the form of Jk-operators in spherical tetrad basis. Two
tetrads are related to each other by means of the law (see (14) )
e
′α
(a) =
∂x
′α
∂xβ
L ba e
β
(b) ,
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where e
′α
(a) is the spherical tetrad, e
β
(b) is the Cartesian one. Here, the Lorentz matrix is
reduced to a pure rotation
O ji =
∣∣∣∣∣∣
cos θ cosφ cos θ sinφ − sin θ
− sin φ cosφ 0
sin θ cosφ sin θ sin φ cos θ
∣∣∣∣∣∣ . (22)
Connection between Cartesian wave faction Ψ and spherical one Ψ′ looks as
Ψ′(x) = S Ψ(x) ,
S(θ, φ) = [ 1⊕ (1⊕ O)⊕ (1⊕ O)⊕ (O ⊕ O ) ] .
With the use of the matrix S(θ, φ) one transforms operators
Ji = li + Si , J
′
a = SJaS
−1 .
Taking into account the known definitions
l1 = i (sin φ ∂θ + ctg θ cosφ ∂φ) ,
l2 = i (− cosφ ∂θ + ctg θ sin φ ∂φ) , l3 = −i ∂φ ,
and straightforwardly derived relations
O i ∂θ O
−1 = i τ2 ,
O i ∂φ O
−1 = i (cos θ τ3 − sin θ τ1)
for l′a = O la O
−1 one gets:
l′1 = l1 − i(cos θ cosφ τ1 + sin φ τ2
+
cos2 θ
sin θ
cosφ τ3) ,
l′2 = l2 − i(cos θ sinφ τ1 − cos φ τ2
+
cos2 θ
sin θ
sinφ τ3) ,
l′3 = l3 + i (sin φ τ1 − cos θ τ3) .
In the same manner, for τ ′a = OτaO
−1 we have
τ ′1 = cos θ cosφ τ1 − sin φ τ2 + sin θ cosφ τ3 ,
τ ′2 = cos θ sinφ tau1 − cosφ τ2 + sin θ sinφ τ3 ,
τ ′3 = − sinφ τ1 + cos θ τ3 .
Thus we arrive at the final formulas J ′a:
J ′1 = l1 +
cosφ
sin θ
S3, J
′
2 = l2 +
sinφ
sin θ
S3, (23)
J ′3 = l3, ~J
′2 = − 1
sin θ
∂θ sin θ ∂θ
+
−∂2φ + 2 i ∂φ S3 cos θ + S23
sin2 θ
.
7
For the following, it will be convenient to have the S3-matrix in diagonal form. To
this end one needs τi-basis to be cyclic one [15]:
Ψ′′ = UΨ′,
U = 1⊕ (1⊕ U3)⊕ (1⊕ U3)⊕ (U3 ⊕ U3) ,
where
U3 =
∣∣∣∣∣∣
−1/√2 i/√2 0
0 0 1
1/
√
2 i/
√
2 0
∣∣∣∣∣∣ , U
−1
3 = U
+
3 =
∣∣∣∣∣∣
−1/√2 0 1/√2
−i/√2 0 −i/√2
0 1 0
∣∣∣∣∣∣ .
One easily derives
U3τ1U
−1
3 =
1√
2
∣∣∣∣∣∣
0 −i 0
−i 0 −i
0 −i 0
∣∣∣∣∣∣ = τ
′
1 ,
U3τ2U
−1
3 =
1√
2
∣∣∣∣∣∣
0 −1 0
1 0 −1
0 1 0
∣∣∣∣∣∣ = τ
′
2 ,
U3τ3U
−1
3 = −i
∣∣∣∣∣∣
+1 0 0
0 0 0
0 0 −1
∣∣∣∣∣∣ = τ
′
3 .
In this cyclic basis, the S3 matrix is diagonal
S3 = diag (0; 0, 1, 0, −1; 0, 1, 0, −1; 1, 0, −1; 1, 0, −1 ) (24)
as required. Also we will need explicit ”cyclic” vector ~ei and ~ei
t:
~e1 = (− 1√
2
, 0,
1√
2
) , ~e2 = (− i√
2
, 0,− i√
2
) , ~e3 = (0, 1, 0), (25)
~e t1 =
∣∣∣∣∣∣
− 1√
2
0
1√
2
∣∣∣∣∣∣ , ~e
t
2 =
∣∣∣∣∣∣
i√
2
0
i√
2
∣∣∣∣∣∣ , ~e
t
3 =
∣∣∣∣∣∣
0
1
0
∣∣∣∣∣∣ .
3 Separation of variables, radial equations
Now we are ready to separate the variables in equation (18). All matrices are assumed
to be referred to chosen spherical and cyclic basis, but any reminding of this will be
omitted in the designation below. Let the wave function Ψ(x) be taken in the form
Ψ(x) = { C(x), C0(x), ~C(x),
Φ0(x), ~Φ(x), ~E(x), ~H(x) } . (26)
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After simple calculation with the use of block structure of matrices involved we get to
the system
∂0C0 − ~e3∂r ~C − 1
r
(~e1τ2 − ~e2τ1) ~C
−1
r
(~e1∂θ + ~e2
∂φ + τ3 cos θ
sin θ
) ~C = mC ,
∂0C − σ~e3∂r ~E − σ
r
(~e1τ2 − ~e2τ1) ~E
−σ
r
(~e1∂θ + ~e2
∂φ + τ3 cos θ
sin θ
) ~E = mC0 ,
−σ∂0 ~E + ~e t3∂r C
−στ3∂r ~H − σ
r
(τ1τ2 − τ2τ1) ~H
+
1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)C
+
σ
r
(τ1∂θ + τ2
∂φ + τ3 cos θ
sin θ
) ~H = m~C ,
∂0C = mΦ0 ,
~e t3∂rC +
1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)C = m~Φ ,
(±)[∂0~Φ− ~e t3∂rΦ0
−1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)Φ0] = m~E ,
(±)[τ3∂r~Φ + 1
r
(τ1τ2 − τ2τ1)~Φ +
+
1
r
(τ1∂θ + τ2
∂φ + τ3 cos θ
sin θ
)~Φ] = m~H . (27)
From where with consideration of
τ1τ2 − τ2τ1 = τ3 , ~e1τ2 − ~e2τ1 = 2~e3 ,
we will have
∂0C0 − ~e3(∂r + 2
r
) ~C
−1
r
(~e1∂θ + ~e2
∂φ + τ3 cos θ
sin θ
) ~C = mC , (28)
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∂0C − σ~e3(∂r + 2
r
) ~E
−σ
r
(~e1∂θ + ~e2
∂φ + τ3 cos θ
sin θ
) ~E = mC0 ,
−σ∂0 ~E + ~e t3∂rC − στ3(∂r +
1
r
) ~H +
+
1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)C
−σ
r
(τ1∂θ + τ2
∂φ + τ3 cos θ
sin θ
) ~H = m~C , (29)
∂0 C = m Φ0 ,
~e t3∂rC +
1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)C = m~Φ , (30)
(±)[∂0~Φ− ~e t3∂rΦ0
−1
r
(~e t1∂θ + ~e
t
2
∂φ
sin θ
)Φ0] = m~E ,
(±)[τ3(∂r + 1
r
)~Φ
+
1
r
(τ1∂θ + τ2
∂φ + τ3 cos θ
sin θ
)~Φ] = m~H . (31)
Now let us proceed to constructing eigen-functions of the operators ~J 2, J3. At this
we will adhere to the well established procedure [15]. Allowing for the known defining
relationships for Wigner D-functions [15]
− i ∂φDj−m,s = m Dj−m,s , [ −
1
sin θ
∂θ sin θ∂θ
+
m2 + 2mσ cos θ + σ2
sin2 θ
]Dj−m,s = j(j + 1)D
j
−m,s ,
we obtain the most general form of Ψ-function being eigen-functions of ~J2 and J3:
C(x) = e−iǫt C(r) D0 , C0(x) = +e
−iǫt C0(r) D0 , Φ0(x) = e
−iǫt Φ0(x) D0 ,
~C(x) = e−iǫt
∣∣∣∣∣∣
C1(r) D−1
C2(3) D0
C3(r) D+1
∣∣∣∣∣∣ ,
~Φ(x) = e−iǫt
∣∣∣∣∣∣
Φ1(r) D−1
Φ2(r) D0
Φ3(r) D+1
∣∣∣∣∣∣ ,
~E(x) = e−iǫt
∣∣∣∣∣∣
E1(r) D−1
E2(r) D0
E3(r) D+1
∣∣∣∣∣∣ ,
~H(x) = e−iǫt
∣∣∣∣∣∣
H1(r) D−1
H2(r) D0
H3(r) D+1
∣∣∣∣∣∣ , (32)
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where the shorted notation Ds = D
j
−m,s(φ, θ, 0) , s = 0, +1, −1 is used. We will need
several recurrent formulas [15]:
∂θ D−1 = (1/2) ( a D−2 − ν D0 ) ,
−m+ cos θ
sin θ
D−1 = (1/2) ( −a D−2 − ν D0 ) ,
∂θ D0 = (1/2) ( ν D−1 − ν D+1 ) ,
−m
sin θ
D0 = (1/2) ( −ν D−1 − ν D+1 ) ,
∂θ D+1 = (1/2) ( ν D0 − a D+2 ) ,
−m− cos θ
sin θ
D+1 = (1/2) ( −ν D0 − a D+2 ) .
where
ν =
√
j(j + 1) , a =
√
(j − 1)(j + 2) .
As a first step, one should obtain some intermediate relations:
( ~e1 ∂θ + ~e2
∂φ + τ3 cos θ
sin θ
) ~C(x) = e−iǫt
ν√
2
(C1 + C3) D0 ,
( τ1 ∂θ + τ2
∂φ + τ3 cos θ
sin θ
) ~H(x) = e−iǫt
iν√
2
∣∣∣∣∣∣
−H2 D−1
(H1 −H3) D0
H2D+1
∣∣∣∣∣∣ ,
( ~e t1 ∂θ + ~e
t
2
∂φ
sin θ
) C(x) = − e−iǫt ν√
2
∣∣∣∣∣∣
C D−1
0
C D+1
∣∣∣∣∣∣ .
With the use of these we get to the following radial equations:
− iǫC0 − ( d
dr
+
2
r
)C2 − ν
r
(C1 + C3) = mC . (33)
− iǫC − σ( d
dr
+
2
r
)E2 − νσ
r
(E1 + E3) = mC0 ,
iǫσE1 + σ(
d
dr
+
1
r
)H1 − ν
r
C +
iνσ
r
H2 = mC1 ,
iǫσE2 +
d
dr
C − iνσ
r
(H1 −H3) = mC2 ,
iǫσE3 − σ( d
dr
+
1
r
)H3 − ν
r
C − iνσ
r
H2 = mC3 . (34)
− iǫ C = mΦ0 , −ν
r
C = mΦ1 ,
d
dr
C = m Φ2 , −ν
r
C = m Φ3 . (35)
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(±)[−iǫ Φ1 + ν
r
Φ0] = m E1 ,
(±)[−iǫ Φ2 − d
dr
Φ0] = m E2 ,
(±)[−iǫ Φ3 + ν
r
Φ0] = m E3 ,
(±) [−i( d
dr
+
1
r
) Φ1 − iν
r
Φ2] = m H1 ,
(±) iν
r
(Φ1 − Φ3) = m H2 ,
(±)[+i( d
dr
+
1
r
) Φ3 +
iν
r
Φ2] = m H3 . (36)
Where ν stands for
√
j(j + 1)/
√
2.
4 Particle with polarizability in the Coulomb field
Taking into account the external Coulomb field can be done by means of one formal
changing in the free particle radial system:
Aa = (
ze
r
, 0, 0, 0) , ǫ =⇒ (ǫ + α
r
) , α = ze2 .
As a result we have equations:
− i(ǫ+ α
r
)C0 − ( d
dr
+
2
r
) C2
−ν
r
(C1 + C3) = m C . (37)
− i (ǫ+ α
r
) C − σ ( d
dr
+
2
r
) E2
− ν σ
r
( E1 + E3 ) = m C0 ,
i (ǫ+
α
r
) σ E1 + σ (
d
dr
+
1
r
) H1
− ν
r
C +
i ν σ
r
H2 = m C1 ,
i (ǫ+
α
r
) σ E2 +
d
dr
C
− i ν σ
r
(H1 − H3) = m C2 ,
i(ǫ+
α
r
) σ E3 − σ( d
dr
+
1
r
)H3
−ν
r
C − iνσ
r
H2 = m C3 . (38)
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− i (ǫ+ α
r
) C = m Φ0 , −ν
r
C = m Φ1 ,
d
dr
C = m Φ2 , − ν
r
C = m Φ3 . (39)
(±)[−i(ǫ + α)Φ1 + ν
r
Φ0] = m E1 ,
(±)[−i(ǫ+ α
r
) Φ2 − d
dr
Φ0] = m E2 ,
(±)[−i(ǫ + α
r
) Φ3 +
ν
r
Φ0] = m E3 ,
(±)[−i( d
dr
+
1
r
) Φ1 − iν
r
Φ2] = m H1 ,
(±) iν
r
(Φ1 − Φ3) = m H2 ,
(±)[+i( d
dr
+
1
r
)Φ3 +
iν
r
Φ2] = m H3 . (40)
One should note these equations assume some additional conditions on radial func-
tions:
Φ3 = + Φ1 , C3 = + C1 ,
E3 = + E1 , H3 = − H1 , H2 = 0 . (41)
Here, one interesting (from theoretical standpoint) fact should be emphasized. In
considering analogous 15-component theory of a vector particle with polarizability (this
work will be published separately) a discrete operator of P-inversion can be used to
simplify the corresponding radial system. An idea is to rationalize the above conditions
(41) in terms of this symmetry. So, let us try to diagonalyze simultaneously with ~J 2, J3
else one, spatial inversion, operator. In initial Cartesian representation it is
Πˆ = 1⊕ (1⊕−I)⊕ (1⊕−I)⊕ (−I ⊕+I)Pˆ ,
PˆΨ(~r) = Ψ(−~r) ,
which after translating to the spherical tetrad and cyclic basis will look as
Πˆ = [ 1⊕ (1⊕ Π3)⊕ (1⊕ Π3)
⊕(Π3 ⊕−Π3) ] Pˆ , Π3 =
∣∣∣∣∣∣
0 0 −1
0 −1 0
−1 0 0
∣∣∣∣∣∣ . (42)
The proper values equation ΠˆΨ = P Ψ leads to solutions of two types:
P = (−1)j+1 ,
C = 0 , C0 = 0 , C3 = −C1 , C2 = 0 ,
Φ0 = 0 , Φ3 = −Φ1 , Φ2 = 0 ,
E3 = −E1 , E2 = 0 , H3 = H1 ; (43)
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P = (−1)j ,
C3 = +C1 , Φ3 = +Φ1 ,
E3 = +E1 , H3 = −H1 , H2 = 0 . (44)
We notice equations (44) coinciding with (41), which means that any solution of radial
system provides us with a state of definite parity P = (−1)j . In turn, it is readily verified
that another set of restrictions (44), being applied to the above radial system, will lead
to a inconsistent equations. Such behavior is just what it must be expected for a spin 0
particle.
Let us proceed with radial system. With the use of (41) it will take the form
− i(ǫ+ α
r
)C0 − ( d
dr
+
2
r
)C2 − ν
r
2C1 = mC ; (45)
− i(ǫ+ α
r
)C − σ( d
dr
+
2
r
)E2 − νσ
r
2E1 = mC0 ,
i(ǫ+
α
r
)σE1 + σ(
d
dr
+
1
r
)H1 − ν
r
C = mC1 ,
i(ǫ+
α
r
)σE2 +
d
dr
C − iνσ
r
2H1 = mC2 ; (46)
− i(ǫ+ α
r
)C = m Φ0 , −ν
r
C = m Φ1 ,
d
dr
C = m Φ2 ; (47)
(±)[−i(ǫ + α)Φ1 + ν
r
Φ0] = m E1 ,
(±)[−i(ǫ + α
r
)Φ2 − d
dr
Φ0] = m E2 ,
(±)[−i( d
dr
+
1
r
)Φ1 − iν
r
Φ2 = m H1 . (48)
Substituting expressions for Ci from (47) into (48), one finds
E1 = 0 , E2 = (±)(− iα
m2 r2
) C , H1 = 0 . (49)
Now, allowing for (49), one produces
m C0 = −i (ǫ+ α
r
)± iασ
m2r2
dC
dr
,
m C1 = −ν
r
C , m C2 =
dC
dr
± ασ
m2r2
C . (50)
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And finally, with (50), from (45), we arrive at an equation for C(r) (changing m2 to −M2,
and 2ν2 to j(j + 1)):
d2
dr2
C +
2
r
d
dr
C +
[
(ǫ+
α
r
)2 −M2 − j(j + 1)
r2
± σα
2
M2r4
]
C(r) = 0 . (51)
This differential equation describes a scalar particle with polarizability in external
Coulomb field.
5 Particle in the external magnetic monopole field
Now we investigate the scalar particle with polarizability in presence of Dirac magnetic
monopole field, adhering the technics developed in the previous Section. Here, the main
equation is
[ Γα(x) (∂α + Bα − i e
h¯c
Aα) − mc
h¯
] Ψ(x) = 0 ,
where 4-vector is determined as (the form of Schwinger monopole potential is used [17],
which has been transformed to spherical coordinates xα = (x0, r, θ, φ) )
Aα = (0, 0, 0, Aφ = g cos θ) ,
g stands for a magnetic charge. All difference from the task in previous section consists
in one formal change
∂φ =⇒ (∂φ + i k cos θ) , where k = e g
h¯ c
.
Correspondingly the wave equation leads to
[
Γ0 ∂0 + Γ
3 ∂r +
Γ1J31 + Γ2J32
r
+
1
r
Σkθ,φ − m
]
Ψ = 0 , (52)
where a modified θ, φ-dependent operator is defined by
Σkθ,φ = Γ
1 ∂θ + Γ
2∂φ + (J
12 + ik) cos θ
sin θ
. (53)
Most calculation from previous section is not to be repeated here, we can momentarily
proceed to evidently modified equations of the type (27):
∂0C0 − ~e3(∂r + 2
r
) ~C − (54)
−1
r
(~e1∂θ + ~e2
∂φ + (τ3 + ik) cos θ
sin θ
) ~C = mC ,
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∂0C − σ~e3(∂r + 2
r
) ~E −
−σ
r
(~e1∂θ + ~e2
∂φ + (τ3 + ik) cos θ
sin θ
) ~E = mC0 ,
−σ∂0 ~E + ~e t3 ∂rC − στ3(∂r +
1
r
) ~H +
+
1
r
(~e t1 ∂θ + ~e
t
2
∂φ + ik cos θ
sin θ
)C −
−σ
r
(τ1∂θ + τ2
∂φ + (τ3 + ik) cos θ
sin θ
) ~H = m~C , (55)
∂0 C = m Φ0 , ~e
t
3 ∂rC
+
1
r
(~e t1 ∂θ + ~e
t
2
∂φ + ik cos θ
sin θ
)C = m~Φ , (56)
(±) [ ∂0 ~Φ − ~e t3 ∂r Φ0
−1
r
(~e t1 ∂θ + ~e
t
2
∂φ + ik cos θ
sin θ
)Φ0] = m~E ,
(±) [ τ3 ( ∂r + 1
r
) ~Φ
+
1
r
(τ1∂θ + τ2
∂φ + (τ3 + ik) cos θ
sin θ
)~Φ] = m~H . (57)
Now it is the point to choose a suitable substitution for a wave function Ψ, that might
allow for definite symmetry properties of the system in presence of monopole. There exist
three operators satisfying SO(3.R) commutation relations:
J
(k)
1 = l1 +
cosφ
sin θ
(S3 − k) ,
J
(k)
2 = l2 +
sinφ
sin θ
(S3 − k), J (k)3 = l3 . (58)
Therefore
J
(k)
3 = l3 ,
~J 2(k) = −
1
sin θ
∂θ sin θ ∂θ +
+
−∂2φ + 2 i ∂φ (S3 − k) cos θ + (S − k)23
sin2 θ
.
A most general wave function with properties
~J 2(k)Ψ
(k)
jm = j(j + 1) Ψ
(k)
jm , J
(k)
3 Ψ
(k)
jm = m Ψ
(k)
j,m .
has the structure
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Ψ(x) = { C(x), C0(x), ~C(x), Φ0(x), ~Φ(x), ~E(x), ~H(x) } ,
C(x) = e−iǫt C(r) Dk , C0(x) = e
−iǫt C0(r) Dk , Φ0(x) = e
−iǫt Φ0(x) Dk ,
~C(x) = e−iǫt
∣∣∣∣∣∣
C1 Dk−1
C2 Dk
C3 Dk+1
∣∣∣∣∣∣ ,
~Φ(x) = e−iǫt
∣∣∣∣∣∣
Φ1 Dk−1
Φ2 Dk
Φ3 Dk+1
∣∣∣∣∣∣ ,
~E(x) = e−iǫt
∣∣∣∣∣∣
E1 Dk−1
E2 Dk
E3 Dk+1
∣∣∣∣∣∣ ,
~H(x) = e−iǫt
∣∣∣∣∣∣
H1 Dk−1
H2 Dk
H3 Dk+1
∣∣∣∣∣∣ , (59)
where
Ds = D
j
−m,s(φ, θ, 0) , s = k, k + 1, k − 1 .
With the use of recursive formulas [15]
∂θDκ−1 = (aDκ−2 − cDκ) ,
−m− (κ− 1) cos θ
sin θ
Dκ−1 = (−aDκ−2 − cDκ) ,
∂θDκ = (cDκ−1 − dDκ+1) ,
−m− κ cos θ
sin θ
Dκ = (−cDκ−1 − dDκ+1) ,
∂θDκ+1 = (dDκ − bDκ+2) ,
−m− (κ+ 1) cos θ
sin θ
Dκ+1 = (−dDκ − bDκ+2) ,
where
a =
1
2
√
(j + κ− 1)(j − κ+ 2) ,
b =
1
2
√
(j − κ− 1)(j + κ+ 2) ,
c =
1
2
√
(j + κ)(j − κ+ 1) ,
d =
1
2
√
(j − κ)(j + κ+ 1) ,
one finds
[ ~e1∂θ + ~e2
∂φ + (τ3 + i k) cos θ
sin θ
] ~C = e−iǫt
√
2 ( c C1 + d C3 ) Dk ,
τ1 ∂θ ~H + τ2
∂φ + (τ3 + i k) cos θ
sin θ
~H = e−iǫt (i
√
2)
∣∣∣∣∣∣
−c H2 Dk−1
(c H1 − d H3) Dk
+d H2 Dk+1
∣∣∣∣∣∣ ,
( ~e t1 ∂θ + ~e
t
2
∂φ + i k cos θ
sin θ
) C = e−iǫt e−iǫt
√
2
∣∣∣∣∣∣
−c C(r) Dk−1
0
−d C(r) Dk+1
∣∣∣∣∣∣ .
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After simple calculation one arrives at
− iǫC0 − ( d
dr
+
2
r
)C2 − 1
r
√
2(cC1 + dC3) = mC ; (60)
− iǫC − σ( d
dr
+
2
r
)E2 − σ
r
√
2(cE1 + dE3) = mC0 ,
iǫσE1 + σ(
d
dr
+
1
r
)H1 −
√
2c
r
C +
σ
r
(i
√
2c)H2 = mC1 ,
iǫσE2 +
d
dr
C − σ
r
(i
√
2)(cH1 − dH3) = mC2 ,
iǫσE3 − σ( d
dr
+
1
r
)H3 −
√
2d
r
C − σ
r
(i
√
2d)H2 = mC3 ; (61)
− iǫC = mΦ0 , −
√
2c
r
C = m Φ1 ,
d
dr
C = mΦ2 , −
√
2d
r
C = m Φ3 ; (62)
(±)[−iǫΦ1 +
√
2c
r
Φ0] = mE1 ,
(±)[−iǫΦ2 − d
dr
Φ0] = m E2 ,
(±)[−iǫΦ3 +
√
2d
r
Φ0] = m E3 ,
(±)[−i( d
dr
+
1
r
)Φ1 − i
√
2c
r
Φ2] = m H1 ,
(±)(i
√
2)
1
r
(cΦ1 − dΦ3) = m H2 ,
(±)[+i( d
dr
+
1
r
)Φ3 +
i
√
2 d
r
Φ2] = m H3 . (63)
Our aim is a final single differential equation for C(r). As a first step, expressions for
Φa(r) from (62) are to be entered equation (63):
m2E1 = (±)[(iǫ)(1
r
)
√
2cC +
√
2c
r
(−iǫ)C] = 0 ,
m2E2 = (±)[−iǫ d
dr
C − d
dr
(−iǫ)C] = 0 ,
mE3 = (±)[iǫ
√
2c
r
C +
√
2c
r
(−iǫ)C] = 0 .
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Further, let us substitute Φa(r) from (62) into (63):
m2H1 = (±)[−i( d
dr
+
1
r
)(−1
r
)
√
2cC +
1
r
(−i
√
2c)
d
dr
C] = 0 ,
m2H2 = (±)1
r
(i
√
2)[−c1
r
√
2cC + d
√
2d
r
C] =
= (±)2i
r2
(d2 − c2] C = (±)(−i) k
r2
C ,
m2H3 = (±)[−i( d
dr
+
1
r
)
1
r
√
2dC +
id
√
2
r
d
dr
C] = 0 .
Therefore
E1 = 0 , E2 = 0 , E3 = 0 , H1 = 0 ,
H2 = (±)(−i) k
m2r2
C , H3 = 0 , (64)
which being taken into equations (61) give for Ca(r):
mC0 = −iǫC , mC1 = −
√
2c
r
C ± σ
√
2c
r
k
m2r2
C,
mC2 =
d
dr
C , mC3 = −
√
2d
r
C ∓ σ
√
2d
r
k
m2r2
C . (65)
Finally, with the use of (5.18), we arrive at C(r):
d2
dr2
C +
2
r
d
dr
C + [ǫ2 + m2 −
− 2(c
2 + d2)
r2
± σ k
m2 r4
2(c2 − d2)] C = 0 .
From this, taking the formulas
c2 − d2 = k
2
, c2 + d2 =
j(j + 1)− k2
2
, m2 = −M2 ,
one gets a differential equation for C(r)
d2
dr2
C +
2
r
d
dr
C + [ ǫ2 − M2
− j(j + 1)− k
2
r2
∓ σ k
2
M2 r4
] C = 0 (66)
where the term proportional to σ-parameter describes peculiarity supplied by additional
electromagnetic structure of a scalar particle — polarizability. It should be specially noted
that because of the known singular properties of a r−4 potential in Shro¨dinger problem
the influence of the monopole on a scalar particle with polarizability will be much more
significant than in the case of ordinary scalar particle; the latter formally follows from
(66) on making σ = 0 and vanishing r−4 term.
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6 Particle in presence of both electric and magnetic
charges
Now we consider behavior of a scalar particle with polarizability in presence both
of a Coulomb potential and Dirac monopole one. One does not need to perform much
calculation in addition to yet done in previous sections. It suffices to make one formal
change in radial equation of previous Section:
ǫ =⇒ (ǫ+ α
r
) .
As result, one gets
− i (ǫ+ α
r
) C0 − ( d
dr
+
2
r
) C2
− 1
r
√
2 ( c C1 + d C3 ) = m C ; (67)
− i (ǫ+ α
r
) C − σ ( d
dr
+
2
r
) E2
− σ
r
√
2 ( c E1 + d E3 ) = m C0 ,
i (ǫ+
α
r
) σ E1 + i σ (
d
dr
+
1
r
) H1
−
√
2 c
r
C +
σ
r
(i
√
2 c) H2 = m C1 ,
i (ǫ+
α
r
) σ E2 +
d
dr
C
− σ
r
(i
√
2) (c H1 − d H3) = m C2 ,
i (ǫ+
α
r
) σ E3 − i σ( d
dr
+
1
r
) H3
−
√
2 d
r
C − σ
r
(i
√
2 d) H2 = m C3 ; (68)
− i(ǫ+ α
r
)C = m Φ0 , −
√
2c
r
C = m Φ1 ,
d
dr
C = m Φ2 , −
√
2d
r
C = m Φ3 ; (69)
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(±)[−i(ǫ+ α
r
)Φ1 +
√
2c
r
Φ0] = mE1 ,
(±)[−i(ǫ+ α
r
)Φ2 − d
dr
Φ0] = mE2 ,
(±)[−i(ǫ + α
r
)Φ3 +
√
2d
r
Φ0] = mE3 ,
(±)[−i( d
dr
+
1
r
)Φ1 − i
√
2c
r
Φ2] = mH1 ,
(±)(i
√
2)
1
r
(cΦ1 − dΦ3) = mH2 ,
(±)[+i( d
dr
+
1
r
)Φ3 +
i
√
2d
r
Φ2] = mH3 . (70)
Substituting expressions for Φa(r) from (69) into eqs. (70):
m2 E1 = (±) [ (i (ǫ+ α
r
)) (
1
r
)
√
2 c C +
√
2 c
r
(−i (ǫ+ α
r
)) C ] = 0 ,
m2E2 = (±) [ −i (ǫ+ α
r
)
d
dr
C − d
dr
(−i (ǫ+ α
r
)) C ] = ± i (−α)
r2
C ,
m E3 = (±) [ i(ǫ+ α
r
)
√
2 d
r
C +
√
2 d
r
(−i (ǫ+ α
r
)) C ] = 0 .
Expressions for Φa(r) from are to be substituted into (70):
m2 H1 = (±) [ −i ( d
dr
+
1
r
) (− 1
r
)
√
2 c C +
1
r
(−i
√
2c)
d
dr
C] = 0 ,
m2H2 = (±)1
r
(i
√
2)[−c1
r
√
2c+ d
√
2d
r
)C = ±( −ieg
m 2r 2
)C ,
m2H3 = ±[−i( d
dr
+
1
r
)
1
r
√
2d+
id
√
2
r
d
dr
]C = 0 .
Thus, for Ei(r), Hi(r) we get to
E1 = 0 , E2 = (±) −i α
m2 r2
C , E3 = 0 ,
H1 = 0 , H2 = (±) −i eg
m2 r2
C , H3 = 0 . (71)
Accounting (71), from (68) one obtains expressions for Ca(r):
mC0 = −i(ǫ+ α
r
) C − σ( d
dr
+
2
r
)(±) −iα
m2r2
C ,
mC1 = −
√
2c
r
C ± σ
√
2c
r
(−ieg)
m2r2
C ,
mC2 =
d
dr
C + σi(ǫ+
α
r
) (±) −iα
m2r2
C ,
mC3 = −
√
2d
r
C ± σ
√
2d
r
ieg
m2r2
C .
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(72)
And finally, with (72), from (67) we arrive at a differential equation for C(r):
− i(ǫ+ α
r
)(−i(ǫ+ α
r
) C
−σ( d
dr
+
2
r
)(±) −iα
m2r2
C)−
−( d
dr
+
2
r
)(±σ (ǫ+ α
r
)
α
m2r2
C +
dC
dr
)−
−
√
2
r
(c(−
√
2c
r
C ± i
√
2c σ
r
(−ieg)
m2r2
C) +
+d(−
√
2d
r
C ± i
√
2dσ
r
(+ieg)
m2r2
C) = m2C
or
− (ǫ+ α
r
)2 C ± σα
2
m2r4
C − ( d
dr
+
2
r
)
dC
dr
+
+
2
r2
(d2 + c2)C ± 2σeg(d
2 − c2)
m2r4
C = m2C . (73)
Eq. (73), with the use of (also m2 = −M2)
c2 − d2 = −k
2
, c2 + d2 =
j(j + 1)− k2
2
,
will take the form
d2
dr2
C +
2
r
d
dr
C +
[
( ǫ +
α
r
)2 − M2
− j(j + 1)− k
2
r2
± σ e
4 − k2
M2 r4
]
C = 0 . (74)
The structure of the obtained equation permits by means of deliberate fitting values α
and k to have α2 = k2, what means that in equation (74) the singular term r−4 vanishes.
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